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Abstract: The previous paper of the Winter 1998/1999 proved the existence of primitive 
polynomials, and primitive normal polynomials of degree n with k prescribed coefficients 
in the finite field Fq for all sufficiently large powers q = pv such that k < p, and k < n(1  
ε)  1, ε > 0. This paper presents a longer version of the result on primitive normal 
polynomials. 
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1 Introduction  
Let q = pv be a sufficiently large prime power, and let k and n be a pair of integers such 
that k < p, and k < n(1  ε)  1, ε > 0. This work is a longer version of the analysis on the 
distribution of the coefficients of primitive polynomials and primitive normal 
polynomials in finite fields started in [4]. The previous results proved the existence of 
primitive polynomials and to primitive normal polynomials f(x) = xn + a1xn−1 + ⋅⋅⋅ + an−1x 
+ an ∈ Fq[x] with k prescribed consecutive coefficients a1 ≠ 0, a2, , ak ∈ Fq in finite 
fields of odd characteristic p. A primitive polynomial has roots of multiplicative order qn 
 1; and a normal polynomial has roots of additive order xn  1, which is the same as 
having nonzero trace and linearly independent roots.  
 
Theorem 1.   (Extended Coefficient Theorem)  Let q = pv, p prime, and let k and n be a 
pair of integers such that k < p, and k < n(1  ε)  1, ε > 0. Then there exists a primitive 
normal polynomial f(x) ∈ Fq[x] with k prescribed coefficients for all odd q ≥ q0. 
 
The case k = 1 was considered in [3], it showed that the existence of primitive normal 
polynomials of prescribed trace a1 ≠ 0 for all pairs (n, q) but a finite numbers of 
exceptions. 
 
A primitive normal basis is a basis },...,,,{
12 −nqqq ηηηη  of the vector space nqF  over Fq 
generated by a primitive normal element η ∈ nqF . The asymptotic proof of the Primitive 
Normal Basis Theorem was first established by both [5], and [8]. And the complete 
version for all pair n, q was established by [15]. 
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Theorem 2.   (Primitive Normal Basis Theorem)   Let nqF be an n-degree extension of Fq. 
Then nqF has a primitive normal basis over Fq. 
 
The next result is a refinement of the Theorem 2, it calls for primitive normal elements of 
arbitrary traces. 
 
Theorem 3.   (Primitive Normal Basis Theorem Of Arbitrary Trace)   For every a ≠ 0 in 
Fq, there exists a primitive normal element in nqF of trace a. 
 
The refinement was proposed as a conjecture in [17], and its first asymptotic proof was 
completed in [3]. About two years later it was extended to all pairs n, q in [7]. A much 
more general extension remains an open problem. 
 
Conjecture 4.   (Morgan-Mullen 1996)   Let q be a prime power and let n > 3 be an 
integer. Then there exists a completely normal primitive polynomial of degree n over Fq. 
 
 
2 Auxiliary Results 
This section introduces several concepts used to study the distribution of elements and 
the coefficients of polynomials in finite fields. 
  
Characteristic Functions 
A characteristic function encapsulates certain properties of a subset of elements of nqF . It 
effectively filters out those elements that do not satisfy the constraints. The equation of a 
characteristic function is of the form 
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for all elements α ∈ nqF . 
 
The Characteristic Function of Primitive Elements 
Let χ be a multiplicative character of order d = ord(χ), d  qn − 1, on nqF , see [16]. The 
characteristic function of primitive elements in nqF is defined by 
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where α ∈ nqF , and the arithmetic functions µ and ϕ are the Mobius and Euler functions 
on the ring of integers ℤ respectively, see [1], and [18]. A product version of this formula 
has the shape 
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where p runs through the prime divisors of qn − 1. The transformation used to obtain this 
form is straightforward and appears throughout the literature, other forms of this 
characteristic function are also possible.  
 
The function CP(α) is one of the basic tools used in the investigation of the distribution of 
primitive elements in finite fields. Typical applications are illustrated in [14], [20], [21], 
etc. 
 
The Characteristic Function of Normal Elements 
Let ψ be an additive character of order f(x) = Ord(ψ)  xn − 1 on nqF , see [5], and [15]. 
The characteristic function of normal elements in nqF is defined by 
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where α ∈ nqF , and the arithmetic functions Μ and Ω are the Mobius and Euler 
functions on the ring of polynomials Fq[x] respectively, see [9], [15], etc, for more 
details. The product version of this formula has the form 
 
∏ ∑
−






−
−
−
−Φ
=
1)( )()(
))(deg( ))](/)1([1
11)1()(
nxxf
n
xf=Ord
xfn
n
N xfx q
 
q
xC  αψα
ψ
o ,      (5) 
 
where f(x) runs through the irreducible factors of xn − 1, see [15], etc.  
 
Example 5.   For the parameter n = pu, q = pv, the polynomial xn − 1 = (x − 1)n ∈ Fq[x] 
and the expression [(xn − 1)/g(x)]◦α = Tr(α) is the trace Tr : nqF  →  Fq, (since f(x) = x − 
1 is the only irreducible factor of xn − 1). Thus the characteristic function of normal 
elements in nqF  is  
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The Characteristic Function of Primitive Normal Elements 
The product of the characteristic function of primitive elements (2) and the characteristic 
function of normal elements (4) in nqF  realizes the characteristic function of primitive 
normal elements. Specifically 
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where α ∈ nqF , and β = [(xn − 1)/f(x)]◦α. 
 
The function CPN(α) is one of the basic tools used in the investigation of the distribution 
of primitive normal elements in finite fields. Typical applications are illustrated in [17], 
[4], etc, and in this paper.  
 
The Characteristic Function of Completely Normal Elements 
An element η ∈ nqF  is completely normal if and only if η is a normal element in nqF over 
dq
F  for all d | n. The characteristic function of completely normal elements in nqF  is 
constructed from the product of the characteristic functions of normal elements in 
nq
F over dqF  for all d | n. Here nqF  is an extension of dqF  of degree e = [ nqF : dqF ], with n 
= de. Thus it follows that the characteristic function of completely normal elements is the 
product of the individual functions: 
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where α ∈ nqF , and f(x) runs through the irreducible factors of x
e − 1 ∈ dqF [x]. 
 
Example 6.  For the parameter n = pu, q = pv, the polynomial xn − 1 = (x − 1)n ∈ ][xip
q
F  
and the expression [(xn − 1)/f(x)]◦α = Tri(α) is the trace Tri : up
q
F  →  ip
q
F , 0 ≤ i < u, 
(since f(x) = x − 1 is the only irreducible factor of xn − 1). Thus the characteristic function 
of completely normal elements in nqF  is  
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Some Probabilities Formulae 
The probabilities P1 = P(ord(α)=qn−1) and P2 = P(Ord(α)=xn−1) respectively of primitive 
elements and normal elements α in a finite field extension nqF  of Fq are given by 
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where p ranges over the prime divisors of qn − 1, and  
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where f(x) ranges over the irreducible divisors of xn − 1 respectively. The degree deg(f) = 
d of each irreducible factor f(x) is a divisor of n.  
 
The distribution of primitive normal elements is more intricate than either the distribution 
of primitive elements or the distribution of normal elements. An exact closed form 
formula for the number of primitive normal bases of nqF  over Fq appears to be unknown. 
However there are asymptotic approximations. For example, the probabilities P3 = 
P(ord(α)=qn−1 and Ord(α)=xn−1) of primitive normal elements is approximated by 
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It is clear that if q is sufficiently large, P1 and P3 are essentially the same. In fact the 
probabilities P1 and P2 are asymptotically independent. This means that the cardinalities 
of the sets of primitive polynomials and primitive normal polynomials, namely, 
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are very close. Thus the results for the coefficients of primitive polynomials and primitive 
normal polynomials are about the same. Another approximation due to [5] for the number 
of primitive normal elements is 
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for all ε > 0. 
 
Estimate of exponential sums 
A few estimates are required in order to derive nontrivial results on the distribution of 
elements in finite fields. 
 
Theorem 7.   If χ ≠ 1 is a nontrivial multiplicative character on nqF , then 
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Theorem 8.   Let ψ and χ be a pair of nontrivial additive and multiplicative characters on 
nq
F , and let f(x), g(x) ∈ Fq[x] be polynomials of degrees k and m respectively. Then 
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where f(x), g(x) are not q powers and k + m is the number of distinct roots of f and g in 
the splitting field, see [22], [24], and [25]. 
 
The point counting function  
The point counting function 
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enumerates the cardinality of the solution set { ξ ∈ nqF  : Tr(f(ξ)) − a = 0 } of the 
equation Tr(f(ξ)) − a = 0 in nqF , where f(x) is a function on nqF , and a ∈ Fq is a constant. 
 
Newton identities in finite fields 
The coefficients of the polynomial f(x) = xn + a1xn−1 + ⋅⋅⋅ + an−1x + an are given by 
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where z1, z2, , zn are its roots. The symmetric functions σi(z1,,zn) and the coefficients 
ai are equal up to a sign, that is, ai = (−1)iσi(z1,,zn). The associated power sums are 
defined by 
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The cyclic structure of the roots of polynomials in cyclic extensions can be utilized to 
transform the power sums into different forms. Specifically, in finite fields the power 
sums become 
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where 
jq
iz α=  some j = 0, 1, , n − 1, and f(α) = 0. Replacing the power sums in 
Newton identities (1707) yields the corresponding identities for finite fields: 
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These formulae are employed to solve problems about the coefficients of polynomials via 
the power sums. Fast algorithms for computing the coefficients from the power sums and 
conversely in O(nlog(n) operations are discussed in [2]. A few of the coefficients are 
given here in terms of the power sums wi = Tr(αi). 
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These formula are defined in characteristic p > k. A direct calculation of the second 
coefficient ))()(()!2( 221
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accomplished in a few lines. But direct calculations of the other coefficients appear to be 
a lengthy and difficult task. Even the third coefficient 
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difficult to compute directly. But using Newton identities in finite fields (21) this task is a 
simple algebraic manipulation. 
 
Coefficients system of equations 
Let c1, c2, ..., ck ∈ Fq be constants. The strategy of the analysis is to show that the system 
of equations 
 
                                     Tr(x) = c1, Tr(x2) = c2, ..., Tr(xk) = ck                                      (23) 
 
has at least one primitive normal element solution x = α ∈ nqF . This in turn implies the 
existence of at least one primitive normal polynomial f(x) with k prescribed consecutive 
coefficients. The constants c1, c2, ..., ck indirectly prescribes the k coefficients, namely,  
 
a1 = −Tr(α), a2 = a2(Tr(α),Tr(α2)), ..., ak = ak(Tr(α),Tr(α2),...,Tr(αk)).                 (24) 
 
The derivation of (24) from (23), which is a direct consequence of Newton identities in 
finite fields. The application of (23), (24), and its use in the exponential sum (17) are the 
key ideas in the proofs of several problems on the existence and distribution of the 
coefficients of certain polynomials over finite fields. I observed the relationship between 
the trace function and Newton identities in the early 1990's while investigating the trace 
representations of sequences, and applied it to the theory of coefficients of primitive 
polynomials in [4]. 
 
 
3 The Extended Coefficient Theorem 
There are various ways of extending the result on primitive polynomials of degree n with 
k prescribed coefficients in the finite field Fq given in [4]. The refinement given here 
extends it to primitive normal polynomials. The constraint of linearly independent roots 
on the roots of polynomials restricts the set of primitive normal polynomials to a proper 
subset of set primitive polynomials. There is one exception; the set of quadratic primitive 
polynomials and the set of quadratic primitive normal polynomials coincide. 
 
The first line of the proof given below, using a reductio ad absurdum argument, combines 
the various characteristic functions and the point counting function:  
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This claims that there is no primitive normal element solution of equation (23). The usual 
and standard strategy of dealing with this type of equation is to decompose it into several 
sums, and then compute a lower estimate, which contradicts the equality, consult [3], [4], 
[5], [8], [13], [14], [15], [16], [20], and [21] for background details and other references 
on this type of analysis.  
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Proof of Theorem 1: The number of primitive normal polynomials with k prescribed 
consecutive coefficients a1 ≠ 0, a2, , ak ∈ Fq, q odd, is given by         
                      (26) 
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One possible approach to deal with (26) is to decompose it according to the order Ord(ψ) 
= 1 or Ord(ψ) ≠ 1 of the additive character ψ. To accomplish this, rewrite it as 
(27) 
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Now separate (27) into two terms corresponding to Ord(ψ) = 1 or Ord(ψ) ≠ 1, and 
simplify to obtain 
(28) 
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where qn−1(q−1) is the number of elements in nqF  of nonzero traces, and N(n,q,c1,, ck) 
denotes the total number of primitive polynomials f(x) = xn + a1xn−1 + ⋅⋅⋅ + an−1x + an ∈ 
Fq[x] with k prescribed consecutive coefficients a1 ≠ 0, a2, , ak ∈ Fq.  
 
Replacing the estimates qk ≤ N(n,q,c1,, ck) ≤ qn−s, εε
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> 0 is a small integer, ε > 0, and cε is a constant, and the exponential sum estimate yields 
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Since the product of the probabilities is in the range 0 < P1P2 < 1, it readily follows that if 
k < p, then there exists a constant q1 such that N*(n,q,c1,, ck) ≥ 1 for all q ≥ q1, and s < 
εn + 1.                                                                                                                                 ∎ 
 
This approach leads to a relatively easy proof of the Theorem 1, it avoids the need to deal 
with the estimates of various exponential sums, and the function Ω(xn−1) which 
enumerates the distinct irreducible factors of xn − 1 ∈ Fq[x]. The case k = 1 reduces to the 
primitive normal basis theorem of arbitrary trace. In fact this is a simpler proof than the 
first proof given in [3] using a variation of this technique. 
 
 
4 Update  
All the published proofs on the existence of primitive polynomials and primitive normal 
polynomials with k prescribed coefficients assume that the inverse of the term k! must be 
defined in the finite field. This restricts the value of k to a certain range. The latest papers 
(see the literature) employ elaborate analysis to overcome this obstacle. Despite these 
efforts, there are still some values of k that cannot be handle using those methods. 
 
However, the proofs of the existence of primitive polynomials and primitive normal 
polynomials with k prescribed coefficients are existence results and do not require the 
actual computations of the polynomials. In particular, it is irrelevant whether or not the 
inverse of the term k! is defined in the finite field. The existence of a solution x = α ∈ 
nq
F  of the system of equations 
 
                                       Tr(x) = c1, Tr(x2) = c2, ..., Tr(xk) = ck,                                      (30) 
 
where ci ∈ Fq, is sufficient. This key observation proves the following. 
 
Theorem 9.   (Coefficient Theorem)  Let q = pv, p prime, and let k and n be a pair of 
integers such that k < n  s, where s < n/2, s > 0 is a small fixed integer. Then there exists 
a primitive normal polynomial f(x) ∈ Fq[x] with k prescribed coefficients for all odd q ≥ 
q0. 
 
The small fixed integer s > 0 is probably less than 5, and could be a universal constant for 
all finite fields of sufficiently large cardinality q. 
 
Accordingly, for all sufficiently large q, almost every coefficient of primitive 
polynomials and primitive normal polynomials f(x) ∈ Fq[x] but a few can be prescribed 
in advanced. For example, there are primitive polynomials with any consecutive 
coefficients ai, ai+1 prescribed in advanced. This might also be possible for primitive 
normal polynomials. 
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Note: The proof of Theorem 1 given here is the original one as presented at a conference 
in 1999. The complete paper was submitted to the journal Finite Fields and Applications 
around 1998/1999. The results in the paper predate the new crop of papers on the 
coefficients of primitive polynomials that have been published in the last few years. 
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